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Rotational kinetics of absorbing dust grains in neutral gas
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We study the rotational and translational kinetics of massive particulates~dust grains! absorbing the ambient
gas. Equations for microscopic phase densities are deduced resulting in the Fokker-Planck equation for the dust
component. It is shown that although there is no stationary distribution, the translational and rotational tem-
peratures of dust tend to certain values, which differ from the temperature of the ambient gas. The influence of
the inner structure of grains on rotational kinetics is also discussed.
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I. INTRODUCTION

Recently there has been growing interest in the invest
tion of composite media, called dusty plasmas, consisting
aerosol particles in a gas discharge. Besides numerous in
trial applications dusty plasmas provide ample opportuni
in studying in situ phase transitions in the dust compone
intergrain interactions, grain charging, etc.

One of the peculiar features of dusty plasmas is that
average kinetic energy of the dust component, i.e., its tra
lational temperature, may be considerably higher than
temperature of the ambient plasma. In detail the problem
studied in the recent papers by Quinn and Goree@1,2#, where
in parallel with the experiments a model of the Browni
motion explaining anomalous kinetic temperature was de
oped.

The kinetic description of dusty plasma was discussed
numerous theoretical studies@3–9#. Generally, there are two
ways plasma particles interact with dust grains: first, the s
tering of a particle by grain electric field and, second,
direct impact of a particle on a grain surface. The latter p
cess results in grain charging due to the higher mobility
electrons, it may change grain mass, heat its surface, et
other words, as it is well understood nowadays, the adeq
statistical description of the dust component should take
account inner degrees of freedom, the most important am
which is the grain charge. Kinetic consideration of charg
process shows that absorption of small plasma particles
grains can result in inequality of the grain temperature a
the temperatures of the light components even for the cas
equal temperatures of electrons and ions@3,4#. To avoid con-
fusion it should be noted that since the system is open th
is no conflict of the latter result with thermodynamics.

Under the conditions of experiments on fine grain synt
sis @10,11# or etching@12# grain mass should also be treat
as a dynamic variable@13–15#. Thermophoretic@16# and ra-
diometric@17# forces provided by inhomogeneous heating
the grain surface may also play an important role, un
microgravity especially@18#, which may necessitate inclu
sion of the temperature distribution inside grains into
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kinetic description. Recent experiments on rodlike partic
lates @19# demonstrated complicated rotational motion
dust grains. Vladimirov and Tsoy developed the theory
corresponding oscillation modes@20#. In more general con-
text, the rotation is also of importance for Brownian motio
of the particles with energy supply@21#. Although the rota-
tion of spherical grains is hardly observable experimenta
it is of interest since it may influence translational moti
and heating of the grain surface.

Being not quite complete, the above list of various pr
cesses indicates that the dimension of the phase spac
quired for the kinetic description of the dust component m
be rather large: it tends to a value of the order of 20.

The main purpose of the present paper is to develop
kinetic theory of the aerosol component taking into acco
the mass growth and the rotation of grains. Although o
main impetus is dusty plasma, here we ignore the proces
grain charging. In other words, we treat the ion componen
a neutral gas and neglect the influence of electrons. Usu
a grain in a partially ionized gas is charged negatively due
the higher mobility of electrons that results in attraction
ions and corresponding increase of inelastic ion-dust cr
sections. The latter is characterized by a numeric fac
which is typically of the order of five and tends to unity if th
size of grains exceeds the Debye length of the ambient p
mas. Since the effects discussed in the present paper ar
consequences of plasma absorption by the grain, we ex
that taking into account the grain charging would enhan
these effects. Another reason for accepting this simplificat
is that we are able to study the problem both analytically a
by molecular dynamics simulation: computations w
charged moving grains are on the brink of or beyond c
temporary computer capabilities.

Thus, we adopt here a following toy model of the aero
component absorbing the ambient gas. The dust compo
consists of spherical rotating grains with variable mass a
consequently, size and moment of inertia. Every atom hitt
the grain surface is absorbed by it, transferring, therefore
momentum, changing the mass of the grain and its ang
velocity. The process is inelastic since a part of projec
atom energy is spend for heating the grain surface. It is
sumed that the size of grains is small compared to the m
free path of the ambient gas, however, the gas distribu
©2002 The American Physical Society13-1
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generally depends on the dust component. Our main find
is that although there is no stationary state of this system,
average kinetic and rotational energies of dust eventu
tend to certain fixed values, which differ from each other a
the temperature of the ambient gas.

The paper is organized as follows. In Sec. II A we discu
the process of the elementary collision. Microscopic ph
densities and corresponding equations generalizing New
ian dynamics are introduced in Sec. II B, the latter are u
in Sec. II C to derive the Fokker-Planck Eq.~20! describing
the evolution of the dust distribution. In Sec. II D we obta
the homogeneous solution of the Fokker-Planck equation
evaluate the effective temperatures. The numeric algorith
are described in Sec. III A, then we discuss various laws
collision used for simulations~Sec. III B!. The results of
simulations, which are in fairly good agreement with t
analytical theory, are summarized in Sec. III C.

II. ANALYTIC THEORY

A. Elementary collision

We consider the dust component consisting of a num
of spherical grains of variable massesM and of mass depen
dent radiia(M ). Since we are interested in both translation
and rotational degrees of freedom, the state of a grai
described by the ten-dimensional vector,G5(R,P,G,M ),
whereP is the grain’s linear momentum andG is the angular
momentum relative to its center of inertiaR. The angles
describing the rotation are irrelevant due to the sphericity
grains. The only collision process taken into account is
absorption of an ambient gas by grains, i.e., every atom
liding a grain is assumed to attach to the grain surface tra
ferring its linear momentum, angular momentum, and ma

We assume that the process of collision elapses in
stages. At the first stage the atom attaches to the grain
face. Letr andp be the projectile atom coordinate and, r
spectively, the momentum at the instant of collision; e
dently, ur2Ru5a(M ). The net angular momentum of th
projectile atom and the grain prior to the collision is writte
as M5r3p1R3P1G, while after the collisionM5R8
3P81G8. Since after the attachment the center of inertia
the grain changes

R85
mr1MR

M1m
~1!

and P85P1p, the conservation of angular momentum r
quires that

G85G1
~r2R!3~Mp2mP!

M1m
.

It should be noted that bothG andG8 are independent of the
reference frame.

In what follows we combine the above expressions in
convenient short-hand notation for the process of collisio
04641
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G→G85L~G,r ,p!

5S mr1MR

M1m
,P1p,G

1
~r2R!3~Mp2mP!

M1m
,M1m. ~2!

The leap of the center of inertia~1! results in the noncon-
servative character of the mapping~2!: one can easily verify
that its Jacobian

det
]L~G!

]G
5

M3

~M1m!3
~3!

is less than unity.
Strictly speaking, the attachment of the atom to the gr

surface makes the new composite grain nonspherical.
avoid complications with nonspherical grains we assume
at the second stage of the collision some inner forces re
tribute the grain mass in such a way that the grain sha
into a sphere. Evidently, this does not alter the grain ph
variableG. Although this assumption seems a fairly natu
simplification, it may result in nonphysical behavior becau
it leaves out the energy required for the mass redistribut

Since the process~2! is inelastic, a part of the net me
chanical energy is spent for heating the grain surface, wh
evidently should be positive.~The grain heating is of impor-
tance if one is going to consider the aerosol processes
thermophoresis.! Abandoning for a moment the presumptio
of sphericity, the amount of heat released in the asymme
grain is written as

DE5
1

2
$m̃v21GiI i j

21Gj2~G1m̃@r3v# ! i I i j8
21

3~G1m̃@r3v# ! j%, ~4!

wherev5p/m2P/M is the atom velocity in the grain refer
ence frame,m̃5mM/(M1m) is the reduced mass,r5r
2R, I i j and I i j8 5I i j 1m̃(r2d i j 2r ir j ) are the grain tensors
of inertia prior and, respectively, after the collision. Expan
ing Eq. ~4! in powers of the small mass ratio,m/M , we
obtain thatDE5m(v2V3r)2/2>0, whereV i5I i j

21Gj is
the grain angular velocity. In other words, the energy cons
vation does not debar the mass absorption.

On the other hand, assuming the grain shapes int
sphere, the tensor of inertia is isotropic and depends on
grain mass only,I i j 5I (M )d i j , I i j8 5I (M1m)d i j , and ana-
lyzing Eq. ~4! one can find thatDE is always positive if
dI(M )/dM.a2(M ). However, it is easy to verify for an
arbitrary spherically symmetric mass distribution that the l
ter inequality never holds. This means that some energ
required for the grain to shape into a sphere and there ex
certain range of impact parameters, such that the avail
mechanical energy is insufficient for the mass redistributi
It should be noted that similar phenomena are also know
nuclear physics~e.g., Ref.@22#!.
3-2
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Simple estimation shows that the assumption of spheri
results in the violation of the energy conservation for ato
moving with characteristic velocities of the order ofaV. In
the following we assume that the energy of rotation is of
order of the gas temperature and the mass ratio,m/M , is
small, i.e., the discussed effect is relevant for a very sm
group of projectile atoms with velocity less thanAm/MvT ,
wherevT is the gas thermal velocity. We ignore the influen
of deviation from sphericity for this reason. Nonetheless,
discussed effect may play an important role for small clus
and, perhaps, it explains the complex structure of fine gra
grown in a gas discharge.

B. Microscopic phase densities

In order to obtain the desired kinetic equation describ
the grain motion we generalize the well-known Klimonto
ich approach@23#. To describe the whole system the micr
scopic phase densities are introduced,

Nd~G,t !5(
a

d„G2Ga~ t !…, ~5!

Nn~p,r ,t !5(
i

d„p2pi~ t !…d„r2r i~ t !…, ~6!

where the indicesa and i are used to enumerate grains a
atoms, respectively.

The equations governing the microscopic phase dens
are written as

dNd~G,t !

dt
[S ]

]t
1

P

M

]

]R
1Fd

]

]P
1Kd

]

]GDNd~G,t !,

5I d~G,R!, ~7!

dNn~p,r ,t !

dt
[S ]

]t
1

p

m

]

]r
1Fn

]

]pDNn~p,r ,t !5I n~p,r !.

~8!

HereFd andFn are external forces acting upon grains a
neutral atoms andKd is the external torque. The collisio
terms in the right-hand sides of Eqs.~7! and ~8! account for
gas absorption by dust grains; similar terms were introdu
in Ref. @4#. The convenient short-hand forms of these ter
are

I d~G!5E dpdrdG8Nn~p,r !Nd~G8,R!

3sS r2R,
p

m
2

P8

M 8
,M 8D

3@d„G2L~G8,r ,p!…2d~G2G8!#, ~9!

I n~p,r !52E dGsS r2R,
p

m
2

P

M
,M DNn~p,r !Nd~G!,

~10!
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where the functionL(G,r ,p) is given by Eq.~2!. The effec-
tive cross sections(r ,v,M ) introduced here is

s~r ,v,M !522~r•v!u~2r•v!d„a2~M !2r2
… ~11!

andu(x) is the Heaviside step function.
The collision terms~9! and ~10! are arranged in the fol-

lowing way. Suppose there is a trajectory described b
time-dependent radius vectorr (t). If the trajectory crosses
the sphere of radiusa at the instantt0, i.e., r (t0)5a(M ),
then

s~r , ṙ ,M !5d~ t2t0!. ~12!

The step function in Eq.~11! guarantees that the incomin
intersection point, such thatr (t0)• ṙ (t0),0, is only taken
into account.

Substituting the definitions of the microscopic phase d
sities~5! and~6! to Eqs.~9! and~10! and making use of Eq
~12! one can verify that the collision terms are proportion
to the sum ofd(t2t ia), wheret ia is the instant of collision
of the i th atom with theath grain. At the time intervals
between the collisions Eqs.~7! and ~8! describe plain New-
tonian dynamics. However, at the instant of collision the m
croscopic phase densities change abruptly,

Nn~p,r ,t ia10!2Nn~p,r ,t ia20!52d~p2pi !d~r2r i !,
~13!

that is, the i th atom annihilates. Simultaneously, theath
grain changes its position in the phase space as prescribe
the conservation laws~2!

Nd~G,t ia10!2Nd~G,t ia20!

5d„G2L~Ga ,r i ,pi !…2d~G2Ga!. ~14!

C. Fokker-Planck equation

The purpose of this section is to expand Eqs.~9! and~10!
in powers of the small mass ratio,m/M . Averaging over the
ensemble and ignoring binary correlations, we may tr
Nd(G,t) and Nn(p,r ,t) as smooth one-particle distributio
functions; in details the procedure was discussed in Ref.@4#.
Then we integrate overG8 in Eq. ~9! and take into accoun
Eq. ~3! that results in

I d~G!5E dpdr H sS r ,
M

M2m
v,M2mDNdS R2

m

M
r ,

P2p,G2mr3v,M2mDNnS p,R1
M2m

M
r D

2s~r ,v,M !Nd~G!Nn~p,R1r !J , ~15!

where

v5
p

m
2

P

M
~16!
3-3
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IGNATOV, TRIGGER, MAIOROV, AND EBELING PHYSICAL REVIEW E65 046413
is the relative velocity. Evaluating Eq.~15! we have also
performed the change of variables in the integrand~9!: r
→R1@(M2m)/M #r in the first term andr→R1r in the
second term.

The next step is the expansion of Eq.~15! in powers of
the grain radiusa(M ) and mass ratioe5m/M . Assuming
that p/P;mav/G;e1/2 and making use of the integrals

E drs~r ,v,M !5pa2~M !v, ~17!

E drs~r ,v,M !r52
2

3
pa3~M !v, ~18!

E drs~r ,v,M !r i r j5
p

4
a4~M !vS d i j 1

v iv j

v2 D , ~19!

we finally arrive at the Fokker-Planck equation forNd(G),

dNd~G!

dt
5

]

]Pi
H 2siNd~G!1k i j

]Nd~G!

]Pj
J

1
]

]Gi
S h i j

]Nd~G!

]Gj
D1

]

]Ri
H g iNd~G!

2« i jksk

]Nd~G!

]Gj
2P i j

]Nd~G!

]Pj
J 2

]JNd~G!

]M
,

~20!

where« i jk is the unit skew-symmetric tensor. Here the fo
lowing kinetic coefficients are introduced:

J~G!5pa2~M !mE dpvNn~p,R!,

si~G!5pa2~M !E dpvpiNn~p,R!,

k i j ~G!5
1

2
pa2~M !E dpvpipjNn~p,R!,

g i~G!5
2m

3M
pa3~M !E dpv iNn~p,R!, ~21!

h i j ~G!5
m2

8
pa4~M !E dpv~d i j v

22v iv j !Nn~p,R!,

s i~G!5
m2

4M
pa4~M !E dpvv iNn~p,R!,

P i j ~G!5
2m

3M
pa3~M !E dpv i pjNn~p,R!,

andv is given by Eq.~16!.
The physical meaning of most of the coefficients~21! and

corresponding terms in Eq.~20! is fairly obvious.J is the
mass flow at the grain surface, the last term in Eq.~20!
provides the mass growth of the dust component. The c
04641
f-

ficient si is the drag force acting upon a grain, the quantit
k i j and h i j characterizes the diffusion in the momentu
space. The term proportional toP i j is just the Archimedean
force in a nonuniform gas.

Since in the process of collision the angular moment
transferred to the grain is independent of its angular veloc
there is no drag torque analogous to the first term in Eq.~20!.
This is the evident consequence of the adopted model.
drag torque may appear if one takes into account the n
sphericity of grains or inelastic scattering of atoms by t
grain surface. Within the present model the drag torque
provided by spatial gradients and it is characterized by
coefficients i . Since in the low velocity limit,P/M!p/m,
s i is proportional tosi , the drag torque may appear if th
curl of the drag force is nonzero.

Of interest is the term proportional tog i in Eq. ~20!. It is
nonvanishing if the grain moves relative to the ambient g
and it arises due to the change of the center of inertia in
process of collision~1! or, in other words,g i describes the
migration of the center of inertia due to the asymmetric bo
bardment of the grain by gas atoms. Comparing the left-h
side of Eq.~7! with this term we see thatg i appears as an
addition to the grain velocity,P/M . It often happens that an
ambient medium exerts some forces on a particulate, an
ample is the drag forcesi . In this case one may say that
medium modifies Newton’s second law. Here we face
example of Newton’s first law altered by an ambient gas

By the order of magnitude the drag forcesi is propor-
tional to e1/2, the effective torques i;e3/2, all other coeffi-
cients are of the order ofe.

In the lowest-order approximation the kinetics of the g
component is reduced to the absorption. The correspon
kinetic equation is readily obtained from Eq.~10!,

dNn~p,r ,t !

dt
52E dGpa2~M !

p

m
Nn~p!Nd~G!1I a~p,r !,

~22!

where I a(p,r ) stands for other dissipative processes, wh
were excluded from the above derivation. These may
e.g., interatomic collisions, gas creation by external sou
etc.

D. Effective temperature

Suppose that the gas distributionNn(p) is homogeneous
and isotropic. Since we assume that grain velocity is sm
compared to the gas thermal velocity, we neglect the mom
tum dependence in all kinetic coefficients~21! but the drag
forcesi for which the first-order term of expansion in powe
of P/M should be kept. Therefore, there are only three n
zero kinetic coefficients~21!, which are expressed in term
of mass flowJ and normalized energy flowa,

si52
J

3M
Pi ,

k i j 5d i j Ja, ~23!
3-4
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h i j 5d i j

1

2
a2~M !Ja,

where

a5
a2~M !

6mJ E dpp3Nn~p!. ~24!

The Fokker-Planck equation~20! is now reduced to

]Nd~G!

]t
5

]

]Pi
S J

3M
PiNd~G!1aJ

]Nd~G!

]Pi
D

1
1

2
aa2~M !J

]2Nd~G!

]Gi]Gi
2

]JNd~G!

]M
. ~25!

Suppose there is no dispersion over the grain mass. T
we seek the solution to Eq.~25! in the form of

Nd~G!5d„M2m~ t !…f „P,G,m~ t !…. ~26!

Evidently, if all the grains are of the same mass and of
same mass growth rate, we are able to use the current v
of mass, m(t), to parametrize temporal evolution in th
phase space. Substituting the latter ansatz to Eq.~25! we find
that

dm~ t !

dt
5J, ~27!

] f

]m
5

1

3m

]Pi f

]Pi
1aDPf 1

1

2
a2~m!aDGf , ~28!

whereDP andDG stand for the Laplacian operators acting
the corresponding variables.

It should be noted here that the normalized energy flowa
is formally independent of massM. However, it may depend
on m due to the possible time variation of the atom distrib
tion Nn(p,t).

Equation ~28! is reduced to the diffusion equation b
changing the variableP→x5m1/3P. The latter is readily
solved resulting in

f ~P,G,m!5E dP8dG8
m f 0~P8,G8!

~2p!3@k1~m!k2~m!#3/2

3expF2
~m1/3P2m0

1/3P8!2

2k1~m!
2

~G2G8!2

2k2~m!
G ,
~29!

where

k1~m!52E
m0

m

a~m!m2/3dm, ~30!

k2~m!5E
m0

m

a~m!a2~m!dm, ~31!
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m0 is the value of mass att50, and f 0(P,G) is the corre-
sponding initial distribution.

As follows from Eq.~29!, f (P,G,m) eventually tends to
the Maxwellian distribution. In order to obtain the param
eters of asymptotic distribution one has to evaluate the m
menta off (P,G,m). First, it is readily checked that the du
density,nd5*dPdGf (P,G,m), is independent ofm. Then,
we evaluate the linear momentum dispersionD t(m) and the
angular momentum dispersionD r(m),

D t~m!5
1

3nd
E dPdGP2f ~P,G,m!

5S m0

m D 2/3

D t~m0!1
k1~m!

m2/3
, ~32!

D r~m!5
1

3nd
E dPdGG2f ~P,G,m!5D r~m0!1k2~m!.

~33!

Explicitly, the asymptotic distribution is given by

f `~P,G,m!5
nd

~2p!3@D t~m!D r~m!#3/2

3expS 2
P2

2D t~m!
2

G2

2D r~m! D . ~34!

It is a matter of direct substitution to verify that the latt
distribution satisfy Eq.~25! subject to relations~32! and~33!.

Now we introduce the translational temperature,Tt(m)
5D t(m)/m, and the rotational temperature,Tr(m)
5D r(m)/I (m), where I (m) is the moment of inertia of a
grain. Hereafter we will ignore the dependence of the n
malized energya on m: this will be the case of particula
examples discussed below. Then, as it follows from Eq.~32!,
the translational temperature tends to a fixed value

Ttum→`→ 6

5
a. ~35!

The evolution of the rotational temperature is sensitive
the dependence of its moment of inertia on the mass, i.e.
the inner structure of a grain. Of interest are two cases. S
pose that the grain radius is independent of its mass: this
be referred to as a spongy grain. Then,I 5 2

5 ma2 and Eq.~33!
results in

Tr um→`→ 5

2
a. ~36!

Another case is a grain with an arbitrary spherically sy
metric mass distribution,r(r ). In particular,r(r )5const for
a solid grain andr(r )}r D23 for a D-dimensional mass frac
tal. Since

I ~m!5
8p

3 E
0

a(m)

drr 4r~r !, ~37!
3-5
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the integral in Eq.~31! is expressed in terms of the mome
of inertia only:k2(m)5(3/2)a„I (m)2I (m0)…. Therefore, the
asymptotic value of the rotational temperature is independ
of the mass distribution,

Tr um→`→ 3

2
a. ~38!

It should be noted that strictly speaking our derivation
kinetic equations is applicable to solid grains only.

Now we turn to evaluation of the normalized energya
Eq. ~24!. Although generally the solution of the kinetic equ
tion ~22! is time dependent and can deviate from the Ma
wellian distribution, there are reasons to ignore this dev
tion. Suppose as an example, that the collision termI a in Eq.
~22! is represented by a sum of the Boltzmann integral
scribing interatomic collisions and let us assume so
source term balancing the gas loss. Then, with the domi
ing role of elastic interatomic collisions, the deviation fro
Maxwellian distribution becomes negligible. Assuming th
Nn is the Maxwellian distribution with the temperatureT0,
we get«52/3T0, i.e.,

Tt→
4

5
T0, ~39!

Tr→H 5

3
T0 ; spongy grain

T0 ; solid grain.

~40!

Of interest is that the dust kinetic temperature obtain
under the same approximations but in neglecting the m
growth @4# is 2T0. Therefore, the mass growth results
appreciable cooling of the dust component.

At lower gas pressure interatomic collisions are negligi
and we have to take into account the deviation of the amb
gas distribution from Maxwellian. Suppose there is so
bulk source of a Maxwellian gas, i.e.,I a in Eq. ~22! is given
by

I a~p!5n0f M~p!5n0

n0

~2pmT0!3/2
expS 2

p2

2mT0
D . ~41!

Assuming that the rate of the dust mass growth~27! is
smaller than the rate of gas creation, i.e.,mn0 /mnd!1, we
neglect the time derivative in Eq.~22!, that results in

Nn~p!5
mn0

jp
f M~p!, ~42!

where j5*dGpa2(M )Nd(G). Obviously, this distribution
differs from Maxwellian due to the accumulation of slo
atoms. Evaluating the integrals we get«5 1

2 T0, that is, in the
case of high dust density

Tt→
3

5
T0 , ~43!
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Tr→H 5

4
T0 ; spongy grain

3

4
T0 ; solid grain.

~44!

The main results of this section may be summarized
follows. The momentum distribution of the dust compone
absorbing the ambient gas tends to Maxwellian. Although
average value of momenta are always growing, the co
sponding temperatures tend to certain fixed values, wh
differ from each other. Moreover, the rotational temperat
depends on the inner structure of dust grains.

In ignoring the mass growth, i.e., the last term in Eq.~25!,
the dust translational temperature in the Maxwellian g
tends to 2T0 @4#. However, due to the absence of the frictio
torque within the adopted model, there is no steady beha
with respect to the rotational degrees of freedom.

These conclusions were gathered assuming the mass
persion is negligible. However, the same inferences also
low from the general nonstationary solution of Eq.~25!,
which may be obtained in a similar way but is too cumb
some to be adduced here.

III. NUMERIC SIMULATIONS

A. An algorithm

Prior to discussing the implemented algorithm we have
fix the relation between physical and computational un
The only natural length scale within the accepted mode
the size of a grain. In numeric simulations, therefore,
choice of initial size is a matter of convenience. According
Eq. ~27!, the natural time scale is the characteristic time
the mass growthtM5M /J. SincetM depends on mass a
M1/3, it is more convenient to fix the time scale by the initi
value oftM . Finally, the mass scale is the mass of a sin
atom,m.

The simulations of the Brownian kinetics of a single gra
were performed in a following way. The computational ar
was a three-dimensional cube of unit length on edge in c
tact with the unbounded equilibrium gas. This contact w
simulated by point atoms, which were randomly injected
side the cube from all of its faces and could freely leave
computational area. For each atom leaving the cube, ano
atom with the random velocity was injected from the rando
point of the random cube face. The distribution function
the injected atoms was semi-Maxwellian. Since there w
no forces acting upon atoms, their trajectories were stra
lines.

It was verified that in the absence of dust grains the b
distribution inside the cube was Maxwellian with the pr
scribed temperatureT0. The average number of atoms d
pended on the thermal velocity; in most runs it fluctuat
around 10 000. We also checked that our results were in
sitive to the actual value of the gas temperature. By reduc
T0 we could increase the average number of atoms inside
computational area up to 106. However, this did not affect
the average value of the grain energy normalized toT0.
3-6
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The grain was represented by a movable sphere of a
dius small compared to the cube edge; typically, its init
size wasa050.01 and its initial mass wasM051000. If an
atom hit the grain surface then it transferred a part of
momenta to the grain according to some prescribed ru
which are discussed below. In the case of the absorb
grain, no new atom was injected into the cube after the c
lision that resulted in some reduction of density. Since
grain was initially small, a very little part of atoms migh
have experienced the collisions. The equations of motion
both translational and rotational degrees of freedom of
grain were solved; the time step was small compared to
average time between the collisions.

It was observed that some spurious force arose when
grain approached the faces of the cube. To minimize
influence of this computational effect the grain was confin
near the center of the cube with the help of the auxilia
spherically symmetric parabolic potential well. The para
eters of the well were chosen in so that even with the kin
energy of about 100T0 the grain could not approach th
faces of the cube. Evidently, such confinement resulted
multiplication of the grain distribution by a Boltzmannia
factor and could not alter the distribution over the kine
energy. Moreover, in application to the dusty plasma the c
finement appears in a natural way. The imposed auxili
potential did not influence the motion of atoms.

It is worth noting that although the mass of the gra
could be as large as of the order of 106 atomic masses, its
mobility was crucial for our simulations. We had the tem
tation to avoid the solution of the grain equations of moti
by simply counting down the energy and momentum tra
ferred to the immobile grain. However, this way led n
where: the grain temperature was permanently increa
without any saturation.

The main goal of our simulations was to accumula
enough data in order to reconstruct the grain distribut
function over its kinetic and rotational energy. The trans
tional or rotational energy axis, say, 0,E,20 T0, was split
in a number of subbands~usually, 50!. Two methods of av-
eraging were used. First, we could trace the energy varia
of the single grain and evaluate time it spent in each ene
subband. Then, these time intervals were summed up re
ing in time-averaged distribution function.

Another method of averaging was the simulation of t
canonical Gibbs ensemble. Initially, the grain was situate
the center of the cube, its rotational and kinetic energies w
chosen randomly using the random-number generator
Maxwellian distributions with corresponding initial kineti
Tt0 and rotationalTr0 temperatures. The evolution of th
grain energies was recorded for the time period 0,t
,tmax. The obtained dependence represented a si
sample from the Gibbs ensemble. The whole procedure
repeated many times with varied random initial energies
the same initial temperatures. By counting down a numbe
samples in each energy subband for a given time instan
were able to reconstruct the time evolution of the ene
distribution function.

It should be noted that reconstruction of the distributi
over both kinetic and rotational energies,f (Et ,Er) requires
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too many samples or too long integration time. For this r
son we could evaluate only the distribution over kine
f (Et) or rotationalf (Er) energy separately.

B. Atom-grain collisions

As it was mentioned, for test~and fun! purposes we have
used various laws of interaction of an atom with the gra
surface.

Specular reflections.The atom experiences the specu
reflection in the grain reference frame,

p85p2Dp,

P85P1Dp, ~45!

G85G,

M 85M ,

where the transferred momentum is

Dp52nS n•p2
m

M
n•PD

andn5(r2R)/a is a unit vector.
Absorbing grain.The grain momenta change according

Eq. ~2!. We were able to use various dependenciesa(M ).
The ‘‘cold grain’’ is also described by Eqs.~2! but its

mass remains unchanged; the same law of collision was u
in Ref. @4#. Physically, this corresponds to the diffuse sc
tering with the complete energy accommodation at the c
surface, when the net atom momentum is transferred to
grain and the influence of the scattered atom is negligibl

C. Simulation results

The simulations with specular reflections~45! were used
to check the overall operation of the code. Both averag
methods described above were used. It was observed tha
the relatively heavy grain (M /m5100) after some thousand
of collisions the distribution function over the kinetic energ
eventually tended to the Maxwellian distribution. The du
temperature was equal toT0 with the accuracy less than 1%
as expected for the system in the thermodynamic equ
rium. There was no relaxation in rotational degrees of fr
dom because there was no coupling between translati
and rotational motions.

Another series of runs was performed with the absorb
solid grain, i.e.,a(M )}M1/3. Although the computer facili-
ties allowed us to monitor the motion of the grain for a ve
long time, up to tens of millions of collisions, it was foun
that no statistically significant result could be obtained w
the time-averaging method. The reason is fairly evident: w
growing mass the grain motion slowed down, and it to
more and more time for the grain to migrate from one ene
subband to another.

The ensemble averaging yielded more meaningful resu
Several typical energy distributions in logarithmic scale a
depicted in Fig. 1. The fit curves there correspond to M
3-7
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wellian distributions, i.e.,F(E)}AEexp(2E/T). Figure 2
shows the temporal evolution of translational~solid line! and
rotational ~dashed line! temperatures. The initial tempera
tures areTt050.8 T0 andTr051.3 T0. The time in Fig. 2 is
measured in the units of characteristic time of the m
growth, tM . The averaging was performed over the e
semble consisting of 104 samples.

There was the sharp drop in translational temperature e
lution at the beginning of the computation. It originated d
to the parabolic potential well, in which the grain was ke
Initially the grain was situated at the bottom of the well,
its potential energy was zero. Then, according to the vi
theorem, half of its kinetic energy was transferred to
potential one. Since the potential well did not influence
grain rotation, there was no rotational energy drop.

Eventually the dust translational temperature tends
'0.75T0, that is, near the value given by Eqs.~39!. The
rotational temperature is also close to the value~40!. Since
there was only one small grain, the distribution of project
atoms was essentially Maxwellian and we were unable
reproduce the solutions~43! and ~44!.

The simulations with the ‘‘cold grain’’ also confirmed th
analytical solution: the translational temperature tends toT0
while the rotational temperature is always growing.

IV. CONCLUSION

Although the simple model of the atom-grain inelas
collisions accepted in this paper ignores some essential

FIG. 1. Energy distributions for various kinds of atom-gra
interactions. The distributions over kinetic energy are plotted for
cold grain (d), for the specular reflections given by Eqs.~45! (j)
and for the absorbing grain~.!. The distribution over rotationa
energy is shown for the case of the absorbing grain (l). The solid
curves correspond to Maxwellian distributions withT/T052 ~1!,
T/T051 ~2!, andT/T054/5 ~3!.
ys
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04641
s
-

o-

.

l
e
e

o

o

o-

cesses, it demonstrates many interesting features. We
firmed that the translational temperature of the dust com
nent differs from the temperature of the ambient g
However, we demonstrated that the ‘‘equilibrium’’ temper
ture is highly sensitive to the details of the inelastic collisio
In particular, taking into account the grain mass growth
sults in appreciable reduction of the dust temperature
should be noted that the difference between various collis
laws discussed above numerically is very small. The discr
ancies in energy balance of the order of a fraction of a t
mass ratio are accumulated and eventually result in a con
erable effect. It is also worth pointing out that the rotation
temperature is sensitive even to details of inner structure
grain.

The important lesson, which may be drawn from t
above discussion, is that there is no thermodynamic equ
rium between dust and ambient gas. The statement itse
fairly evident since a dusty plasma is an open system. H
ever, this indicates the inapplicability of the fluctuatio
dissipation theorem, which is the basement of the Lange
approach to the theory of Brownian motion. Therefore,
problem of deducing the Langevin equation applicable
dusty plasmas arises.
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FIG. 2. Temporal dependence of translational~solid line! and
rotational~dashed line! temperatures.
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